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Abstrat
Moleular Dynamis is applied to Ferroeletri Perovskites in the framework of a rst-priniples
derived eetive Hamiltonian (Zhong, Vanderbilt, Rabe, Phys. Rev. Lett. 73 (1994), 1861).
The degrees of freedom, that obey the Newton equations of motion, are the loal modes and the
displaement modes. The Nosé-Hoover method is implemented, as well as the Parinello-Rahman
sheme to perform xed temperature and xed stress tensor simulations. This allows to study the
thermodynamis of ferroeletri perovskites and to reprodue suessfully the Monte Carlo results
on phase transitions, polarization and homogeneous strain evolution with temperature of BaTiO3,
taken as an example.
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I. INTRODUCTION
The study of ferroeletri (FE) and related perovskite oxides has been the subjet of many
atomi-sale theoretial and numerial studies for at least fteen years. In the ninetees,
there has been an inreasing growth of numerial work due to the appearane of signiant
omputational failities. Ab initio alulations have onsiderably developed, and have been
used very early to derive parameters of phenomenologial models used to understand and
predit the thermodynamis of phase transitions in perovskite oxides, that an be quite
omplex.
One of the most powerful tool, that aptures most of the thermodynamis of FE mate-
rials, is the so-alled "Eetive Hamiltonian" (EH), introdued by Zhong, Vanderbilt and
Rabe[1, 2℄ in 1994. It an be viewed as a simpliation of the potential energy surfae of
a ferroeletri in terms of relevant degrees of freedom suh as the loal modes, the inhomo-
geneous strain tensor and the homogeneous strain tensor. The expression of this hamilto-
nian is phenomenologial and all the parameters are diretly derived from rst-priniples
DFT alulations, usually performed in the framework of the Loal Density Approximation
(LDA). Given this hamiltonian, one an perform Monte Carlo (MC) simulations to predit,
at given temperature and pressure (or stress tensor), various physial quantities obtained
as statistial averages (polarization, strain, dieletri onstant, et). Zhong, Vanderbilt and
Rabe used it to reprodue suessfully the omplex sequene of phase transitions of barium
titanate[1, 2℄.
The MC framework is a numerial tehnique that allows to sample the spae of ongu-
rations aording to an equilibrium probability distribution. An alternative tehnique, that
normally yields similar results, is the Moleular Dynamis (MD). In MD, the degrees of
freedom evolve with time aording to the Newton equations of motion, leading, if the tra-
jetory is long enough, to an equilibrium sampling of the phase spae. Thus, time-averaged
mirosopi quantities on suh equilibrium trajetories an be used to obtain marosopi
quantities, that should be the same as those obtained within MC simulations (ergodiity
hypothesis).
MD has already been used with the Eetive Hamiltonian. For instane, Burton et al[3℄
applied it to the simulation of relaxor materials. Reently, Ponomareva et al applied it to
the study of THz dieletri response of barium titanate[4℄.
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In the present work, we apply the MD method to the Eetive Hamiltonian. We imple-
ment the Nosé-Hoover and Parinello-Rahman shemes, that allow to perform MD with xed
temperature and xed stress tensor. We rst reall in the theoretial bakground the basis
of the Eetive Hamiltonian introdued by Zhong, Vanderbilt and Rabe, and desribe the
Nosé-Hoover and Parinello-Rahman algorithms. Then the method is suessfully applied to
barium titanate to reprodue results very similar to those obtained by MC simulations.
II. THEORETICAL BACKGROUND
A. Degrees of Freedom
The main idea of the eetive hamiltonian is to derease the number of degrees of freedom
(a priori 15 per ABO3 unit ell in a perovskite) by using new oordinates representing
olletive motions of the atoms in eah unit ell i.
We assume that the onsidered perovskite oxides have an energy landsape whih is well
desribed in the framework of the eetive hamiltonian proposed by Zhong et al in 1994[1, 2℄.
This hamiltonian deals with three kinds of degrees of freedom:
(i) the loal modes ~ui, that roughly represent the polar displaements of the atoms of
unit ell i, whih indue an eletri dipole in eah unit ell. The dipole is obtained as Z∗~ui,
where Z∗ is the eetive harge of the soft mode, alulated in the ubi struture.
(ii) the inhomogeneous displaement modes ~vi, that desribe the loal strain in ell i and
refer to long-wavelength aousti modes. From this displaement eld, one onstruts easily
the inhomogeneous strain tensor eld ηIl (i)[2℄.
(iii) the homogeneous strain tensor ηHl , that does not depend on the unit ell and is a
global deformation applied to the whole system.
The strain existing at ell i is therefore ηl(i) = η
H
l + η
I
l (i).
In many perovskite oxides, other atomi motions arising from the freezing of zone-
boundary modes play a very important role. These aousti modes at the R or M points of
the First Brillouin Zone of the ubi struture, alled antiferrodistortions (AFD), onsist of
rotations of the oxygen otahedra around a given axis. These modes are not onsidered here
but ould be dealt with exatly in the same way as loal modes and displaement modes. In
the following, we assume that the system studied onsists of N unit ells. Thus the number
3
of internal degrees of freedom is 6N.
B. Eetive Hamiltonian
The form proposed by Zhong et al in 1994[1, 2℄ is :
Heff ({~ui} ,
{
ηIl (i)
}
,
{
ηHl
}
) = Eself({~ui})
+Edpl({~ui}) + E
short({~ui})
+Eelas(
{
ηIl (i)
}
,
{
ηHl
}
) + Eint({~ui} ,
{
ηIl (i)
}
,
{
ηHl
}
),
in whih we an nd a loal mode self-energy Eself (ating as a loal potential for the
loal modes), a dipole-dipole eletrostati interation energy Edpl, a short-range interation
energy Eshort (extended up to third-neighbors), an elasti energy Eelas (depending only on
the homogeneous and inhomogeneous strains) and a term oupling the strain to the loal
modes Eint (ruial to desribe piezoeletri eets). The preise expression of all these
terms is given in Ref. 2.
Interestingly, this hamiltonian only inludes loal anharmoniities in the onsite part and
in the oupling between loal modes and strain.
C. Dynamis
We assume that a mass an be aeted to the loal modes (mlm) and displaement modes
(mdsp). It is thus possible to formulate time-evolution equations for these quantities:
mlm
d2~ui
dt2
= −
∂Heff
∂~ui
= ~f lmi (1)
mdsp
d2~vi
dt2
= −
∂Heff
∂~vi
= ~f dspi (2)
where lm and dsp stand respetively for loal mode and displaement mode. In the ode
we have implemented, the fores are alulated diretly aording to an analytial derivation
of the eetive hamiltonian (taken exatly as it is in Ref. 2). The masses mlm and mdsp are
hosen aording to Ref. 5.
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III. MOLECULAR DYNAMICS
The previous equations of motion are numerially integrated within the well-known Verlet
algorithm[6℄. A time step h is hosen, usually in the range 10−15s. In this sheme, the loal
mode at time t+h is omputed from the loal modes at t and t−h, using the fores alulated
at t:
~ui(t+ h) = 2~ui(t)− ~ui(t− h) +
h2
mlm
~f lmi (t) (3)
and idem for the displaement modes:
~vi(t+ h) = 2~vi(t)− ~vi(t− h) +
h2
mdsp
~f dspi (t) (4)
Of ourse, at eah step, the dierent degrees of freedom are oupled and are oupled to
the homogeneous strain:
~f lmi (t) =
~f lmi ({~uj(t)} ,
{
ηIl (j)(t)
}
,
{
ηHl (t)
}
)
The dynamis is started from initial positions and from initial veloities, hosen randomly
to reprodue the Maxwell distribution orresponding to an initial temperature, as usual in
MD.
For the rst step, the positions and veloities are omputed from a simple Taylor expan-
sion:
~ui(h) = ~ui(0) + h
d~ui
dt
(0) +
h2
2mlm
~f lmi (0)
~vi(h) = ~vi(0) + h
d~vi
dt
(0) +
h2
2mdsp
~f dspi (0)
The instantaneous temperature is alulated from the veloities, based on equipartition
theorem.
2×
3
2
NkBT (t) =
∑
i
1
2
mlm
{
d~ui
dt
(t)
}2
+
∑
i
1
2
mdsp
{
d~ui
dt
(t)
}2
The omputation of the eletrostati dipole-dipole energy and eletrostati dipole-dipole
fores is performed by the Ewald method, following the sheme proposed by Zhong et al[2℄.
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A. Miroanoni moleular dynamis (NVE)
In the miroanoni sheme, the homogeneous strain is xed and does not vary all along
the simulation: ηHl (t) = η
H
l . The temperature an not be hosen a priori and is found at
the end of the simulation as the time average of the "instantaneous temperature".
B. Nosé-Hoover moleular dynamis (NVT)
The Nosé-Hoover algorithm is a method to x the equilibrium temperature to the desired
temperature T0[7, 8, 9℄. We desribe briey this method in this setion. A titious degree
of freedom s with "mass" Q is added that represents a thermostat. The equations of motion
are modied aording to:
mlm
d2~ui
dt2
= ~f lmi −mlmζ(t)
d~ui
dt
mdsp
d2~vi
dt2
= ~f dspi −mdspζ(t)
d~vi
dt
dζ
dt
= −
kBgT (t)
Q
(
T0
T (t)
− 1)
where T(t) and T0 are respetively the instantaneous and targetted temperature, g is the
number of degrees of freedom in the system, and ζ(t) = dlns
dt
(t). Q has not the dimension of a
mass, but is the produt of an energy by the square of a time. Its value must be appropriate
so that the exhange of energy between the system and the thermostat are neither too slow
nor too fast. Anyway, when hosen orretly, the preise value of Q does not inuene the
quality of the phase spae sampling and has no eet on the marosopi averages performed
on an equilibrium trajetory.
These equations are also numerially integrated within the Verlet algorithm:
~ui(t+ h) = 2~ui(t)− ~ui(t− h) +
h2
mlm
(~f lmi (t)−mlmζ(t)
d~ui
dt
(t))
in whih the veloity at time step t is estimated aording to[10℄:
d~ui
dt
(t) =
3~ui(t)− 4~ui(t− h) + ~ui(t− 2h)
2h
(5)
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C. Parinello-Rahman moleular dynamis
The Parinello-Rahman algorithm[11℄ is a very eient method to perform moleular
dynamis under xed stress tensor. Suh a method is ruial to study phase transitions in FE
oxides sine various phases urrently appear (ubi, tetragonal, orthorhombi, rhomboedral,
et). In the Parinello-Rahman sheme, the superell is allowed to vary in shape and volume
along the simulation so that the marosopi stress tensor (average of the instantaneous
stress tensor) is equal to the desired one. We summarize the Parinello-Rahman method in
the following, as we have implemented it.
We denote byH(t) the 3×3matrix formed by the omponents of the three vetors ~a,~b and
~c that dene the superell of the simulation, expressed in an absolute orthonormal oordinate
system, attahed to the ubi 5-atom unit ell. It depends on t sine the superell is allowed
to evolve in shape and volume along the simulation. H(t) is related to the homogeneous
strain tensor ηH(t).
The matrix G(t) is dened by G(t) =t H(t).H(t). The loal mode at (i) has three
omponents u′iα (α=x,y,z) in the time-dependent basis (~a,
~b, ~c) and we denote by ~u′i the
vetor with omponents u′iα. We have ~ui = H(t).~u
′
i, where ~ui is the vetor formed by the
omponents of the loal mode at (i) in the absolute oordinate system. In the Parinello-
Rahman framework, the equations of motion are formulated on the saled variable u′iα:
mlm
d2~u′i
dt2
= H(t)−1. ~f lmi −mlmG(t)
−1.
dG
dt
(t)
d~u′i
dt
With the same notations for the displaement modes ~vi = H(t).~v
′
i,
mdsp
d2~v′i
dt2
= H(t)−1. ~f dspi −mdspG(t)
−1.
dG
dt
(t)
d~v′i
dt
The H(t) matrix evolves aording to:
W
d2H
dt2
(t) = (σ − σ0).ω
in whih W is a "mass" assoiated to the dynamis of the unit ell vetors ~a, ~b and ~c,
ωij = ∂Ω/∂Hij with Ω the volume of the MD superell, σ is the instantaneous stress tensor
and σ0 the targetted stress tensor. The mass W has to be hosen orretly, in the same
manner as Q. Its preise value, when hosen in the orret range, does not inuene the
thermal averages over equilibrium trajetories[11℄.
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Here again the equations of motion are integrated within the Verlet algorithm. The velo-
ities are alulated at eah step aording to Eq. 5. Using this algorithm, the instantaneous
stress tensor omponents σij osillate around the targetted value σ0ij so that their average
over an equilibrium trajetory is equal to σ0ij .
The instantaneous stress tensor is alulated in this work by
σij =
1
Ω
∂Heff
∂ǫij
, (6)
where Ω is the superell volume and ǫij the (i, j)-omponent of the homogeneous strain
tensor.
IV. EXAMPLE: BATIO3
A ode has been written in fortran 90, that inludes miroanoni, Nosé-Hoover,
Parinello-Rahman and also both Nosé-Hoover and Parinello-Rahman algorithms, that an
be oupled to perform xed temperature and xed stress tensor MD[9℄. This is preisely
what is required to study the thermodynamis of ferroeletri materials and perform ther-
mal averages. We present here the results obtained on the prototypial example of BaTiO3
(BTO). The following omputations have been performed with a time step of 2×10−15s on
a superell 12 × 12 × 12 with periodi boundary onditions.
Barium titanate, the prototypial ferroeletri oxide, has been the rst solid to whih
the formalism of eetive hamiltonian was applied in 1994, together with Monte Carlo
simulations. We use here the numerial parameters given in Ref. 2. The loal modes are
initialized to zero, as well as the displaement modes and the homogeneous strain. Eah
equilibrium trajetory is obtained independently from the others (i.e. the simulations are
not initialized with the result of a previous omputation).
The simulations are performed in the Nose-Hoover and Parinello-Rahman sheme with
an imposed diagonal stress tensor orresponding to a negative hydrostati pressure P = -4.8
GPa (i.e. positive stress tensor omponents). This negative pressure is the one used by
Zhong et al in their simulations to orret the underestimation of the lattie onstant by
the LDA. We perform simulations of 10
5
steps. During the 50 000 rst steps, the system
is equilibrating, and the averages are omputed on the 50 000 last steps. In fat, the
thermodynami equilibrium is in general quikly reahed (within a few thousands steps).
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We rst give an example at T=210K, for whih BTO is found orthorhombi. We examine
the time evolution of the spae-averaged homogeneous strain tensor omponents and of the
spae-averaged loal modes (proportionnal to the instantaneous polarization). After ≈ 4000
steps, two omponents of the average loal mode dissoiate from the third and reah the
value of ≈ 0.024 a0, while the third one osillates around zero. The 10
5
steps of this evolution
are shown on Fig. 1. Note that two states of marosopi polarization (positive and negative)
are of ourse possible for eah omponent and degenerate.
FIG. 1: Time evolution of the three omponents of the loal modes (averaged over the whole
simulation ell) at T=210K.
It an be noted that the utuations of the vanishing omponent are, as expeted, muh
larger than the two others.
The time averaged loal mode omponents (averaged over the whole simulation ell) and
the time averaged homogeneous strain tensor omponents are drawn on Figs. 2 and 3 as
a funtion of temperature. In these two gures, we have renamed the omponents so that
the polarization keeps the same diretion for the whole range of temperature of a given
phase (sine all our points are obtained independently from eah other, there is absolutely
no reason that, for example, all the tetragonal ongurations have their polarization along
z). As expeted, we nd the three phase transitions of BTO, well desribed as being rst-
order (both the polarization and the strain experiene a disontinuity at the three phase
transitions).
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At low temperature, the three omponents of the marosopi polarization are equal, as
well as the three diagonal omponents of the homogeneous strain tensor. The non-diagonal
omponents of the strain tensor are small and equal, but learly non zero. This desribes
the rhombohedral (R) phase of barium titanate (spae group R3m).
At about 190 K, one of the omponents of the marosopi polarization falls to zero. In
the same way, one of the diagonal omponents of the homogeneous strain tensor dissoiates
from the two others and beomes smaller. This desribes the orthorhombi phase of barium
titanate (spae group Amm2). We note that the non-diagonal omponents of the strain
tensor are not all equal to zero: η4 (orresponding to 2ǫyz) is not zero if η2 (ǫyy) and η3 (ǫzz)
are the largest diagonal omponents.
At about 222-229 K, another omponent of the marosopi polarization falls to zero.
The homogeneous strain tensor has one diagonal omponent larger than the two others, the
non-diagonal ones being zero. This is the tetragonal phase of barium titanate (spae group
P4mm).
Finally, at about 290-295 K (Curie temperature), all the omponents of the marosopi
polarization fall to zero, orresponding to the high-temperature ubi phase of barium ti-
tanate (spae group Pm3¯m). The diagonal omponents of the strain tensor are equal around
1.012. Sine the strain is referened in this hamiltonian to the LDA ground state of BTO
(a0 = 7.46 a.u.), this orresponds to a lattie onstant of ≈ 3.995 Å. All the non-diagonal
omponents of the strain tensor are zero. We note that our simulation does not evidene any
thermal expansion, whih is one of the well-known problems of the Eetive Hamiltonian[12℄.
The absolute values of polarization and homogeneous strains are very lose to those of
Zhong et al[1, 2℄, while the phase transition temperatures are slightly lower (≈ 290-295,
222-229 and 190 K in our ase versus ≈ 300, 230 and 200 in the ase of Zhong et al).
We now realulate the temperature evolution of the polarization and strain of BaTiO3,
exept that eah temperature is now initialized with the result of a previous alulation. We
perform these alulations by dereasing T from 360 to 160 K.
Pratially, the two last ongurations (inluding loal and displaement modes and also
strain tensor) are stored at the end of eah alulation, so that the Verlet algorithm an be
restarted with a new temperature. The alulations are still performed in the Nose-Hoover
and Parinello-Rahman framework, with an external pressure -4.8 GPa, orresponding to a
positive stress tensor σxx = σyy = σzz =4.8 GPa (and σxy = σxz = σyz = 0). We perform
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FIG. 2: Average loal mode omponents as a funtion of temperature. R, O, T and C denote
respetively the Rhombohedral, Orthorhombi, Tetragonal and Cubi phases of BaTiO3. Around
phase transitions, on a small temperature range ≈ 10 K, either one phase or the other an be
obtained sine all the points are obtained independently from eah other (The MD is in eah ase
initialized in the same way).
FIG. 3: Average strain tensor omponents as a funtion of temperature (Voigt notation). R, O,
T and C denote respetively the Rhombohedral, Orthorhombi, Tetragonal and Cubi phases of
BaTiO3. Around phase transitions, on a small temperature range ≈ 10 K, either one phase or the
other an be obtained sine all the points are obtained independently from eah other (The MD is
in eah ase initialized in the same way).
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50000 steps for eah temperature, with the same time step of 2×10−15s. The marosopi
averages are omputed on the 40000 last steps.
As a onsequene of this proedure, the temperature evolutions obtained are muh more
regular, espeially lose to phase transitions. Out of the regions lose to phase transitions,
the results are of ourse the same as in the previous ase (within the numerial auray).
The temperature evolution of polarization and strain are shown on Figs. 4 and 5 for the
ase of inreasing temperature. The phase transitions are loalized approximately at 190±5
(R-O), 230±5 (O-T) and 295±5 K (T-C).
FIG. 4: Average loal mode omponents as a funtion of temperature. R, O, T and C denote
respetively the Rhombohedral, Orthorhombi, Tetragonal and Cubi phases of BaTiO3. Results
obtained by dereasing the temperature and initializing the MD from last two ongurations of the
previous temperature. 50000 steps are performed for eah point, and the averages omputed on the
last 40000.
V. CONCLUSION AND PERSPECTIVES
The MD method with Nose-Hoover and Parinello-Rahman shemes has been applied su-
essfully to barium titanate in the framework of the Eetive Hamiltonian[2℄. A ode has
been implemented in fortran 90. Thermal averages an be omputed over the equilibrium
trajetories obtained with these two tehniques. This allows to reprodue the phase tran-
sitions and the temperature evolution of the polarization and strain tensor omponents of
barium titanate, as it is found from Monte Carlo simulations[1, 2℄. The ode implemented
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FIG. 5: Average strain tensor omponents as a funtion of temperature (Voigt notation). R, O,
T and C denote respetively the Rhombohedral, Orthorhombi, Tetragonal and Cubi phases of
BaTiO3. Results obtained by dereasing the temperature and initializing the MD from last two
ongurations of the previous temperature. 50000 steps are performed for eah point, and the
averages omputed on the last 40000.
an thus a priori be used with other Eetive Hamiltonian parameters that an be found in
the litterature.
The MD simulations an be used to get insight, not only into thermal averages (strain,
polarization, dieletri onstant, et) but also into dynamis and time-orrelation, inluding
fos instane dieletri loss[4℄. Another very interesting possibility of MD is to perform
thermodynami integration to obtain free energy dierenes suh as Landau free energies of
ferroeletris[13℄.
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